Abstract. Let P(N) be the power set of N. An upper density (on N) is a nondecreasing and subadditive function µ ⋆ :
is to prove that these results can be considerably strengthened.
Before proceeding to details, a remark is in order: While it is arguable that non-monotone quasi-densities are not very interesting from the point of view of applications, it seems meaningful to establish if certain properties of a specific class of objects depend or not on a particular assumption (in the present case of interest, the axiom of monotonicity), as this may provide a better understanding of the objects themselves. That is basically our motivation for considering upper quasi-densities, instead of restricting our attention to upper densities.
We refer to [11] , and particularly to § § 2-3 therein, for notation, terminology and conventions used, but not explained, in this work. Note that measures will always be functions Σ → R for which Σ is a sigma-algebra, but unless otherwise specified, they do not need to be nonnegative or countably additive (that is, they may be signed or finitely additive).
We use the letters h, i, and k, with or without subscripts, for nonnegative integers, the letter n for a positive integer, and the letter s for a positive real. In our notations, 0 ∈ N.
Darboux properties
We start this section with a couple more of definitions. Given a set S, we say that a partial function f : P(S) → R with domain D has:
(d1) the weak Darboux property if ∅ ∈ D and for every X ∈ D and a ∈ [f (∅), f (X)] there is a set A ∈ D such that A ⊆ X and f (A) = a; (d2) the strong Darboux property if for all X, Y ∈ D with X ⊆ Y and every
there exists a set A ∈ D such that X ⊆ A ⊆ Y and f (A) = a.
Of course, (d1) is implied by (d2) provided that ∅ ∈ D, and the converse is true, e.g., for finitely additive measures. Notice also that, since f does not need to be monotone in condition (d1), it may well happen that f (X) < f (∅) for some X ∈ D, in which case [f (∅), f (X)] is empty and there is nothing to prove; analogous considerations apply to the strong Darboux property. Some authors, either in measure theory, see, e.g., [ [9] , refer to (d1) as simply the Darboux property (notice that [17] points to [3] , [12] points to [10] , and [9] points to [12] as a source for the terminology). But that does not sound very fit to us, as (d2) is arguably closer than (d1) to the spirit of the intermediate value property of real-valued functions of a real variable, so we prefer sticking to our own definitions.
Other terms of common usage to allude to condition (d1) are "full-valued", see, e.g., [14, p. 174] , and "strongly non-atomic", see, e.g., [2, Definition 5.1.5].
We note that if f has the weak Darboux property, then f (X) ≤ f (∅) for every finite X ⊆ S:
has positive width, so X should have infinitely many subsets for f to have the weak Darboux property, which, however, is not the case when X is finite. In addition, we have the following elementary result:
Then µ ⋆ has the strong (respectively, weak ) Darboux property if and only if µ ⋆ does.
Proof. Since µ ⋆ is the conjugate of µ ⋆ , it is enough to assume, as we do, that µ ⋆ has the strong (respectively, weak) Darboux property and to prove that the same is true for µ ⋆ . 1 : In Maharam's own words, the result applies to "arbitrary (finite, finitely additive) measures on an arbitrary field of subsets of an arbitrary set", see [15, p. 49 ]. This may sound confusing, as the proof of the theorem uses that the domain of a measure is closed, in particular, under countable unions, and on the other hand, the term "field of sets" is now commonly meant for a pair (S, F ), where S is a set and F a subfamily of P(S) that contains S and is closed under finite unions, finite intersections, and absolute complements. The fact is just that Maharam uses the term to refer to what we now call a sigma-algebra, as can be argued by previous work of her [13] .
2 : The latter result is frequently attributed to W. Sierpiński, and in so doing a reference to [18] is often provided. But it is unclear why this should be correct, as Sierpiński's paper deals with the convexity of the range Theorem 1. Every upper quasi-density has the strong Darboux property.
The theorem, which is proved in § 3, is a major generalization of [11, Theorem 2] , and it leads, together with Lemma 1, to the following results (we omit further details): Corollary 1. Every lower quasi-density has the strong Darboux property.
In particular, the next corollary is now obvious, but we record it here for future reference:
Corollary 2. Upper and lower quasi-densities have the weak Darboux property.
Special instances of Corollary 2 have already appeared in the literature, the proofs of these former results being based on ad hoc arguments tailored to the particular densities under consideration (contrary to the proof of Theorem 1). To be more precise, it is known from work of G. Grekos, see [6, 7] , that the upper α-densities (on N + ) have the weak Darboux property for every real α ≥ −1, and this has been later extended (and in a stronger form) to certain weighted densities (on N + ), see [9, Proposition 1].
Proof of Theorem 1
We will need the following results from [11, § 6] , which yield that upper quasi-densities, though not necessarily monotone, satisfy a kind of "weak monotonicity" (we include some of the proofs for completeness).
For ease of notation, we denote by V k,H , for all k ∈ N + and H ⊆ N, the set h∈H (k · H + h), A few more questions along these lines can be found in [11, § 8] , see in particular Question 3 therein, and involve a kind of "joint weak Darboux property" in the spirit of [9, Theorem 2] , where the focus is, however, on (upper and lower) weighted densities.
